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Abstract 

We investigate T-duality of a closed string moving in a weakly curved background of 
the second order. A previously discussed weakly curved background consisted of a flat 
metric and a linearly coordinate dependent Kalb-Ramond field with an infinitesimal 
strength. The background here considered differs from the above in a coordinate 
dependent metric of the second order. Consequently, the corresponding Ricci tensor is 
nonzero. As this background does not posses the global shift symmetry the generalized 
Buscher T-dualization procedure is not applicable to it. We redefine it and make it 
applicable to backgrounds without the global symmetry. 


1 Introduction 

T-duality mmmmm was first introduced to represent the fact that the toroidal com- 
pactifications EUZUSUS] of a closed string to a radius R and a radius 1/R are equivalent. 
Although the compactified theories are defined for different target spaces, their spectrum 
is the same. The observed symmetry lead to investigation for discovering the connections 
between the theories having the same spectrum, what resulted in T-dualization proce¬ 
dures. These prescriptions consist of rules which transform the given theory to its T-dual 
theory. The T-dual theories describing strings moving in a geometrically different back¬ 
grounds, having the same predictions, were found for some particular backgrounds. The 
general procedure, applicable to an arbitrary background is still to be determined. 
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T-duality was found to be connected with the isometries of a sigma model. This 
discovery was included as an inevitable condition for T-dualization, as the isometry was 
built in the T-dualization procedure. The first procedure determining the T-duals of 
the constant background fields was the Buscher procedure HQUHU 12 ]. This procedure, 
called the standard T-dualization procedure, is founded in localizing the global isometry 
by introducing the gauge fields, whose field strength is set to zero by a Lagrange multiplier 
term. The gauged theory reduces to the initial theory for the equations of motion for the 
Lagrange multiplier and to the T-dual theory for the equations of motion for the gauge 
fields. This procedure enabled investigation of the coordinate dependent backgrounds as 
well, when the T-dualizations are performed along the directions which do not appear as 
the background fields arguments. 

The generalized T-dualization proposed in paper m, addressing the non-abelian 
isometries lead to observation that the application of T-dualization procedures can lead to 
theories without an isometry. These theories are obviously T-dual to the initial theories, 
but, the initial theories can not be obtained as a result of the same T-dualization proce¬ 
dure starting with the theory without isometry. This observation implied that T-duality 
in general must be understood from some other perspective. 

The investigation of the relations between non geometric backgrounds lead to a new 
generalized T-dualization in string field theory |TJ]. It was proposed that particular non 
geometric backgrounds should be understood as string backgrounds which are the result 
of generalized T-dualization applied along nonisometry directions. In paper m, the 
conditions for a background to have a geometric or non geometric T-dual were sought 
for. It was concluded that the large class of sigma models that cannot be gauged can be 
T-dualized. 

In paper [16] . one considers similarity transformations of the stress energy tensor of a 
conformal field theory which do not change the Virasoro alebra. There exists the trans¬ 
formations of the background fields which produce the same change of the stress tensor 
as the change generated by some similarity transformations. A particular generator of 
a similarity transformation produces symmetry transformation, such as general coordi¬ 
nate transformations and gauge transformations of a Kalb-Ramond field. However some 
particular forms of these generators produce T-duality transformations at critical radius. 
Investigation leads to T-dualization techniques directly applicable to an arbitrary string 
backgrounds. 

In paper [El, a generalization of a Buscher T-dualization procedure was given. The 
generalized procedure is applicable to backgrounds depending on all the space-time co¬ 
ordinates, along arbitrary background fields argument. The procedure was realized for 
a weakly curved background which consists of a constant metric and a coordinate de¬ 
pendent Kalb-Ramond field with an infinitesimal strength. The difference between the 
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generalized and standard Buscher procedure is in an invariant coordinate. Standardly, 
one substitutes the derivatives with the covariant derivatives to obtain the gauge invari¬ 
ant action, but in the generalized procedure one additionally substitutes the argument 


of the background field with the invariant argument. It was confirmed in m that the 
generalized T-dualization procedure does not harm the interchange of equations of motion 


and Bianchi identities [18] . However, it strongly changes the geometry of a target space. 
The geometric space is transformed to a double non-geometric space. The commutative 
space is transformed to a non-conrmutative space, as shown in m- The closed string 
non-commutativity was previously investigated in [20]. The application of a procedure to 
an arbitrary set of coordinates was considered in [21j. It was concluded that the geometric 
background again transforms to a double space, with double coordinates present for both 
T-dualized and undualized directions. 

In the present paper, we consider the weakly curved background of the second order. 
We take a metric which consists of a constant and quadratic in coordinate term and 
linearly coordinate dependent Kalb-Ramond field. This background does not posses the 
global shift symmetry. In comparison to the previously considered backgrounds there is 
an additional difference. The Ricci tensor of the metric here considered is nonzero. The 
background has to be the solution of the space-time equations of motion, obtained from 
the demand of the conformal invariance of the quantum theory. To satisfy these equations 
one takes the coordinate dependent parts to be infinitesimal. 

The original form of the generalized Buscher T-dualization procedure m is not appli¬ 
cable to a weakly curved background of the second order. Here, we search for the procedure 
which will be applicable and will preserve the general features of the previous procedure. 
We find the appropriate formulation and investigate the properties and the consequences 
of the new generalization. We apply the procedure along all space-time coordinates and 
obtain the T-dual theory. We obtain a geometrical structure that differs from the double 
non geometrical space. The dual background field arguments do not depend only on the 
dual coordinate and its double. However, the application of the procedure to all dual 
coordinates leads again to the initial theory. We obtain T-dual coordinate transformation 
laws and confirm that T-duality interchanges equations of motion and Bianchi identities. 

2 Bosonic string action and choice of background 

Let us consider the closed bosonic string propagating in the background fields: a metric 
G^ v and a Kalb-Ramond antisymmetric tensor field B^ u , described by the action 



( 2 . 1 ) 
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The integration goes over two-dimensional world-sheet X parametrized by , a = 0,1 
(£° = r, = <r). The coordinates of the D-dimensional space-time are marked by 
x^(£), M = 0) 1) D — 1. From the action principle one obtains the equations of motion 

^ + 2 B p vp x v x' p + T» p (x v x p - x w x' p ) = 0, (2.2) 

where B p vp = (G~ l ) im B aiyp and B pvp = d p B up + d u B pp + d p B pu is the field strength of 
the field B pv and F p p = ^(G'~ 1 ) / " T {d v G pa + d p G av — d a G up ) is a Christoffel symbol. 
Introducing the light-cone coordinates and their derivatives 

£ ± = ^(r±o-), d± = d T ±d a , (2.3) 

the action m can be rewritten as 

S[x] = k [ d 2 ^ d + x p li +pv (x)d-x u i (2.4) 

J s 

where Fi± pu is the combination of background fields, defined by 

n ± pu (x) = B pv (x) ± ^G pp (x). (2.5) 

The equation of motion (|2.2D can be rewritten as 

d + d-x p + {f p p — B p up jd + x u d-x p = 0. (2.6) 

In order to obtain a conformally invariant quantum theory, the background fields must 
obey the space-time equations of motion, which for the constant dilaton field have the 
following form 

B pv - B ppa B v p ° = 0 , (2.7) 

D p B p pv = 0, (2.8) 

where R pv is Ricci tensor defined by 

p> = f>p rp = r p — r p r r r p — r r (2 qi 

fipin pcrv pv,(T L pa,v 1 x /ns*- ra L pa 3 - tv1 \^’ U J 

and D p is a covariant derivative 

D P B" W = d p B\ v + F° p B\ v - F e pp B a ev - F%B" pe . (2.10) 

We will consider the following solution of the space-time equations of motion (|2.7|> . (|2.8D 

G P i/{x) — g pu T 3h pu (x), B^u^x^ — b pu T h pi/ (x'), (2.11) 

with g pv , b pu = const and h pv = | B pvp x p , h 2 JV = (hg^h)^, where B pup is constant and 
infinitesimal. Throughout the paper the calculation will be done up to the second order in 
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Bftvp. We will refer to this solution as the weakly curved background of the second order. 
More general discussion about the solutions of the space-time equations of motion, up to 
the second order terms, can be found in Ref. [22] . 

Let us demonstrate that (12.111) satisfies (|2.7I) and (12.81) . The inverse metric and the 
Cristoffel symbol are 

(G~ 1 ) tJ,u = ( g- 1 )< w - 3 {h 2 Y w , (2.12) 

r ^ = (2.13) 

with ( h 2 )^ = {g~ 1 hg~ 1 hg~ 1 Y v and B p V(7 h a p = (g -1 )^ B evc7 {g~ l y T hrp- Therefore, the 
Ricci tensor equals 

Rpu = Rp P aB P Y (2-14) 

which is just the eq. (12.71) . The equation (12.81) is satisfied, because the term corresponding 
to the first term in (12.101) is zero and the others can be neglected as the third order terms 
in B pup . 

Let us notice, using (12.91) and (12.131) . that the coefficient in the second order term of 
the metric (12.111) is in fact the Riemann curvature tensor 

Gpi, = g^u —Rppi/aX p x . (2.15) 

The solutions which where previously investigated in this context where the constant 
background and the weakly curved background of the first order. In both cases the Ricci 
tensor R pu is absent, in the first case because it equals zero and in the second because it 
is neglected as the second order term. Here, the Ricci tensor is of the second order and 
its contribution becomes nontrivial because we work up to the second order in B pi/p . 

3 T-dualization procedure 

In the majority of papers addressing T-dualization of a bosonic string theory, one performs 
T-dualizations along directions on which the background does not depend. The first proce¬ 
dure, applicable to coordinates on which the background fields depend, the generalization 
of the Buscher T-dualization procedure, was presented in HZ]. It was applied to a bosonic 
string moving in the weakly curved background, composed of a constant metric and a lin¬ 
early coordinate dependent Kalb-Ramond field with an infinitesimal strength. This theory 
has a global shift symmetry. This fact is used in the T-dualization prescription, which 
relies on gauging the global symmetry. The locally invariant action was built substituting 
the ordinary derivatives with the covariant ones and substituting the coordinate in the 
argument of the background fields with the invariant coordinate (a line integral of a co¬ 
variant derivatives of the original coordinates). The physical equivalence was achieved by 
introduction of the Lagrange multiplier term, which makes the gauge fields nonphysical. 
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3.1 Auxiliary action 


Here, we will consider the weakly curved background of the second order. As in the 
first order weakly curved background, the Kalb-Ramond field is linear in coordinate and 
has an infinitesimal field strength. The metric however, beside of a constant term has a 
quadratic in coordinate part which is an infinitesimal of the second order. Such a metric 
has an infinitesimal but nonzero Ricci tensor R^ u ^ 0. The bosonic string theory in 
this background does not possess the shift symmetry. However, defining of the new T- 
dualization rules on the grounds of the existing procedure is still possible. The main object 
in the conventional procedure, is the gauge fixed action which reduces to the initial action 
for the equations of motion for the Lagrange multipliers and becomes T-dual action for 
the equations of motion for the gauge fields. Here we will define its substitution, which 
inherits these two features. We postulate the auxiliary action by 


Saux \]J 7 ^=b] — K 


d 2 ^ v^U +f , u (AV)v^ + -(y^d-y^ - v^Ld+y^) 


(3.1) 


It can be obtained from the initial action (12.41) . by making the following substitutions 


d±x fl —> v±, AU M 


(3.2) 


and adding the Lagrange multiplier yy term. This action is of the same form as the gauge 
fixed action, however, v± are here some auxiliary fields, which take over the role of the 
gauge fields. Similarly as in HZ!, the argument of the background fields is the line integral 
of the auxiliary fields taken along a path P (from £o to £) 

AV^[v + ,V-} = J d£ a v£ = j (d£ + ^+ + d£~vt). (3.3) 

Note that as well as in Ref. H3, the equation of motion with respect to forces the ” field 
strength” to vanish d+ud— d-v+ = 0, which is just the condition for the path independence 
of AVA In the resulting theories, the argument reduces to AU M = R M (£) — U M (£o) and 
we will chose the value of U^(£o) to be zero. 


3.2 From the auxiliary to the initial and T-dual theory 

Let us confirm that the auxiliary action (EH becomes the initial action m for the 
equations of motion obtained varying over the Lagrange multiplier y^ 


<9+r/ — d-v+ = 0. 


(3.4) 


Using their solution 


v± = 


(3.5) 
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one obtains V M (£) = x M (£), and therefore taking x M (£o) = 0 the auxiliary action reduces 
to the initial action (12.41) . 

The equations of motion for the auxiliary fields v± are 

+ \a±v» = ^{v). (3.6) 

Here the functions /3± are defined by 

S v S aux = -kJ d£ 2 l3°6v£, (3.7) 

where 5vS aux stands for the variation of the action (13.11) over the background field argu¬ 
ment 

Let us introduce the following background fields: an effective metric and a non-commu¬ 
tativity parameter, defined by 

Gf w = (G — ±BG~ l B) = --(G^BG-'r, (3.8) 

tv 

and their combinations 

= --{G- E l n±G- l y v = 0 IW =F -(G's 1 )^, (3.9) 

tv tv 

which are the inverses of the background field compositions 2nYi.^ (lv . Now, one can rewrite 
the equations of motion (13.61) as 


v±(y) = -^®±(V(y))d±y u ± 2 p^(V(y)) 


(3.10) 


The equation (I3.10[) is not the solution of (13.61) . because v± appears within the argument 
V^ of both and /3J. We will solve this equation iteratively. 

The T-dual theory is obtained, by inserting the equation of motion (13.101) into the 
action m 


k S[y,v±] = ^ / d 2 i \d + y,Q^(V(y))d.y u + A^(V(y))e^(V(y))/3+(V(y))}. (3.11) 


In order to obtain the explicit form of the T-dual action one has to calculate the beta 
functions /3± for a concrete background, solve (13.101) to find the explicit y-dependence 
of the auxiliary fields v± = v±(y), and therefrom determine the argument of the dual 
background fields V tl (y). 


4 T-dual action in a weakly curved background 

Let us find the explicit expression for the T-dual action (13.111) . in the weakly curved 
background of the second order. The main task is to obtain the /3± functions (IB. 61) . which 
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are calculated in appendix [Bj Because they are infinitesimal, it is enough to consider their 
first order value and to determine the zeroth order value of V^, in order to calculate the 
last term in the action 


4 ^{Vo(y))&r^my)) = d + v^ u (v 0 (y))QZh P Av 0 (y))d.v^. ( 4 . 1 ) 

Let us find the explicit form of the dual background fields argument. We will solve the 
equations (|3.1UI) iteratively and find the zeroth and the first order in B pvp values of the 
auxiliary fields v±(y). In the zeroth order one has 

Vq±(v) = 0 o± d ±Vvi ( 4 - 2 ) 


consequently the zeroth order value of V M defined in (13.31) is 



-«C y? ) + (gE 1 r%°\ 


(4.3) 


where y p is a double coordinate defined by 

Vn = J p d£. a e^ a dpy ll . 


(4.4) 


Now, using (14.31) and (IA.8I) . the last term (14.ip in the T-dual action (13.111) . becomes 


^(V 0 (y))@% u _PUV 0 (y)) = --9 + y M [0 1 _(Fo(y))n o+ 0i-CLo(2/))J d-y v 

= -d + y p ^{V Q {y))d-y u , 


(4.5) 


with A± explicitly given by (1A.9D . 

The first order value of the auxiliary field v±, defined by (13.101) . is obtained using the 
first order value of /3 p , (IB.6p . and the expressions for 0^ given by (1A.8D 

v i±(y) = -K©0 ±d±yi 1] - Y©1±(^0 {y))d±yl 0) . (4.6) 

Let us note that, because of (14.21) and (14.61) . the complete first order value of the auxiliary 
held can be written as 

v { ± )tl (y) = -k <> Q± )tlu (y{y))d±y v , (4.7) 

where is dehned in (IA.14D . 

Substituting (|4.6D into (13.31) . we obtain the first order value of V M 



(4.8) 
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where 


(4.9) 


M±^(y) = -j d(y£ld±y£l - y£ld±y$ty, 


and (y^ly+l ) is a double (defined by (|4.4jl ) of the quantity 

Once the argument of the background fields is calculated, we can write the explicit 
form of the T-dual action 


*%] 


2 

2 


d 2 C d + y^Q^(V(y))d-y u 


d\ d + y^(V(y)) - A ^(V 0 (y))\d-y v , 


(4.10) 


with = V = Vq + V{ 1 given by (14.31) and (14.81) . The second term in the dual 
background fields composition A /w is the contribution from the term quadratic in j3, and 
has a form (IA.9D . 

Comparing the initial action (12.41) with the T-dual action (I4.10p . one can conclude that 
they are equal under the following transformations 


d±x fl ->• d±y E , 


n + „„(x) -» 

= ^e?(V(3,)). (4.11) 

The T-dual metric (the symmetric part of the T-dual background fields composition) and 
the T-dual Kalb-Ramond field (the antisymmetric part) are 

= (G^r - K 2 (d 0 hOohg^ 1 + e 0 hg^h9 0 + g^MoM 0 )^ - (g^hg^hg^Y",(4.12) 

and 

3 

*3^ = V" - ^(6 0 M 0 hO 0 r - |(0o hg E l hg E l + g E 'h0 o hg E l + g^hg^hO^.i 4.13) 
The characteristics of the dual geometry, are considered in section [7] 


5 T-dual of T-dual 


Let us now follow the prescription of Secj3l and show that the T-dual of a T-dual theory 
is the original theory. To obtain the auxiliary action of the T-dual action (14.101) . let us 
substitute the dual coordinate derivatives d±yy with some auxiliary fields n± M , substitute 
the coordinate in the argument of background fields with A= / (d£ + u +fl + d^~U- E ) 
and require the ’’flatness" of u± fl by introducing the Lagrange multiplier terms 


*C 


,[z,u±] = ^- j d 2 £ KU +I1 ^0^ W (V(AU)) U- U + u+^d-z ^ 1 -u-^d+z * 1 


(5.1) 
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For the solution = d±y fl of the equations of motion d-U +fl + d + u = 0, which are 
obtained varying the auxiliary action over the Lagrange multiplier the variable LU 
reduces to y M (y M (£o) = 0). So, the auxiliary action reduces to the original one. 

The original theory should be obtained for the equations of motion for the auxiliary 
fields u±fj, 

K f e±(y(y))u± v + d±z» = TK*^(y{u)), ( 5 . 2 ) 

with */3 =F/i defined by (1C.2|) . being the contribution from the variation over the background 
fields argument. Multiplying the equations by tlL pav (the inverse of the background field 
composition t , defined in (I A. 111) 1 one obtains 


u ±, 1 


r 1 


-2 k t U^ u (V(U)) -d ± z v ±*^ I '(V(U)) 


LK 


(5.3) 


Using the last equation and the first order value of the dual beta function */3 =F1 ' given by 
(ICT51) . we can determine the value of the variable U^, up to the first order 


UW(z) = -2 b^z v + - 5 w fMf(z(°>) + M pu (z (0) ) - (zf p z < ® v ) 


(5.4) 


with M± (z) dehned in ()4.9p . Substituting (15.41) to (14. 3 p and (14.81) we confirm that 
V»(U) = z*. 

So, substituting (15.31) to the action (15. ip . we obtain 


* S aux [z] = n / d 2 i d + z p ’ Jf U + ^(z)d-z I/ + k 2 *P p (z) ^H +iiv (z)* (3 +l/ (z) 


(5.5) 


Using the first order value of */3 ±M , given by (IC.15p . the second term of the action becomes 
— 2K,dj r z p ‘(J\ q + /S.-{z)Hq + )^ pd-Z 11 and therefore the action (15.51) is just the initial action 

(El 

(5.6) 


k S aux [z] = r, j d 2 td + z p n + ^{z)d-z v . 


6 Features of T-duality 

In the previous sections, we showed how the original and its T-dual theory can be trans¬ 
formed one to the other. In both directions, both theories follow from the auxiliary action 
and are obtained for a concrete form of the auxiliary fields. Comparing these auxiliary 
fields one obtains the T-dual coordinate transformation laws. 

In section [3] we showed how the original theory can be transformed into its T-dual 
theory. So, comparing the expressions for the auxiliary fields (13.51) and (13.10p . one obtains 
the T-dual coordinate transformation law 


d ± x p - -K0f (V(y)) d±y u ± 2 ff(V(y)) 


( 6 . 1 ) 
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In the first order this law implies 

* I/ (1)M (y). 


( 6 . 2 ) 


Substituting the beta functions (IB.61) into the transformation law (16.11) . we obtain 


d ± x» * -« (V(y)) + A £(V(y)) d±y u , 


(6.3) 


with °©^ are A^ given by (1A.14D and (IA.9D . Using these laws one can show that the 
equation of motion of the original theory transform to an identity (Bianchi identity) in 
the T-dual theory, and vice verse. From (16.ip and (16.31) . using (16.21) one obtains 


P±{x) = TC u ±vv( x ) ~ n± AU ,(x))<9= F x 1 '. 


(6.4) 


In section [5j the T-dual theory was transformed to the original theory. Comparing the 
solutions for the auxiliary fields we obtain the following T-dual coordinate transformation 
law 

Kd± Vlx * -2k t n ^ v {z)(d ± z v ±K*^ v {zj). (6.5) 

In the first order this law implies 

V^ = U^\z). ( 6 . 6 ) 

Substituting the explicit value of the dual beta function (1C.151) . we obtain 


d±y fl = -2°Il Tfl „(z)d±z l/ , 


(6.7) 


with defined in (IA.15D . Eliminating d±zJ l from (16.5j) and (16.71) . using (16.2 j) one 

obtains 

*/3^(U(y)) = t(°©^ - + 2A %)d±y v . (6.8) 

Let us show that the T-dual coordinate transformation laws (16.11) and (16.51) are inverse 
to each other. Multiplying (16.51) by t@±(U(y)) = t0±(z) we obtain 


{y(y))d±y v = -d±zv =F n*/3 ZflJ '(z). (6.9) 


Using (IC.lSp . (1A.10D and (|A.14P it becomes 

d±z» - -^@^(V(y))d ± y u T2 (V(y)W(V(y)) 

= -Ke£(V(y))[d±y v ±2ff(V(y)j 

+kA ^(V(y))d ± y u T^(V(y)W(V(y)). 


( 6 . 10 ) 


Recalling the definitions (lA.9p . (1A.8I) and (IB. 61) the last two terms cancel out and one 
obtains 


d±z» - -KQg(V(y)) d±y v ± 2 ff(V(y)) 


( 6 . 11 ) 
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which is just m- The equivalent conclusion that (16.31) and (16.71) are inverse to each 
other, follows from (1 A. 161) . 

Let us finally show, that using the T-dual coordinate transformation laws one can 
confirm that the equations of motion and the Bianchi identities of the original and the 
T-dual theory interchange. Applying the transformation law (16.71) to the identity 

d+d-yf, - d-d+yfj, = 0 , ( 6 . 12 ) 


we obtain 


d+d-z p + (°n + - °n^)- 1 ^(9 / 


'p^+ua 


-d rT 0 u^ p )d +z p d-z a = 0. 


(6.13) 


Using the explicit form of the composition °IL | zpu , given by (IA.15I) . expression (IA.19I) and 
the value of the Christoffel symbol (|2.13D . we obtain 


(°n+ - °n_)- 1 ^(a p on +w - = -B p pa + r p a . 


(6.14) 


So, (|6.13l) is the initial equation of motion (12.61) . 

The equation of motion of the T-dual theory (14.101) is 


a 4 


(o©_ + A _)^{V(y))d-y v 


-a_ 


> 0+ + A i 


N/"' 


(V(y))d + y L 


= 0. 


(6.15) 


Using the T-dual coordinate transformation law (16.71) (with z p = x p ) and (16.21) . we obtain 


a 4 


(°0_ + A_r(x)°n + ^(x)a_ 


x r 


-a_ 


(°©++ A + )^ I '(x)°LR l/p (x)<9 + x p =0, (6.16) 


which with a help of (1A. 161) is just the identity 


d + d-x p — d-d + x p = 0. 


(6.17) 


7 Original and dual geometries 

Let us discuss what the geometry of the T-dual theory looks like and compare it with the 
geometry of the original theory. To simplify discussion we will put the constant part of 
the original Kalb-Ramond field, b pu , to zero. In fact it appears in front of a topological 
term and can contribute only in the quantum theory. 

Let us first note the substantial difference between our T-dual theories and the standard 
cr-formulations of string theories. In our approach argument of the background fields is 
expression V p , which is a line integral of the T-dual coordinate derivatives. For b pu = 0 
it essentially depends on a double coordinate y p = f P di^ 01 a dpy p , eq. (l4.4p . which makes 
T-dual theory non-geometric. In some particular examples such theories are known as 
the theories with R-flux. For these theories, the equations of motion are not necessarily 
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equal to the standardly derived space-time equations of motion for the background fields 
depending just on the coordinate x p or y p . Although we do not expect that all relations 
between background fields of the original and T-dual theories in our approach will coincide 
with those in the literature, we are going to compare them. 

Let us first make a simple qualitative analysis. In the approximation of the first order 
it is easy to see, without calculation, that the T-dual space-time equations of motion are 
satisfied. In fact both the dual metric * G^ and the dual Kalb-Ramond field *B ,lL ' are 
linear in coordinates with infinitesimal coefficients. Consequently, dual Christoffel *T p p 
and dual field strength are constant and infinitesimal. So, both dual space-time 

equations, for the metric and for the Kalb-Ramond field, are equal to the second order 
infinitesimals which are neglected, meaning they are satisfied. In our case of the second 
order approximation, a similar analysis shows that both Riemann tensor and the square 
of the Kalb-Ramond field are constant and the second order infinitesimals in both initial 
and T-dual theories. 

In this section we are going to discuss the following issues: the geometries and the 
space-time equations of motion of the initial and T-dual theories as well as the integrability 
conditions of Ref. [23]. 

7.1 Geometry of the original theory 

For the original theory we take 

Gfj,u(x) — g pu T 2>h pu {x ), B pv (x) — h pv {x) , (7.1) 

so that the corresponding Christoffel symbols are linear in coordinate and infinitesimals of 
the second order while the Kalb-Ramond field strength is a constant infinitesimal of the 
first order 

K P = - B p pa h\ , H pvp = B pvp . (7.2) 

Therefore, the Riemann tensor is a constant infinitesimal of the second order 

R p a,u = \b i JB/ (T + \[B^B% V - B a *B* v \ (7.3) 

which produces the constant second order infinitesimal Ricci tensor 

R P u = B lipa B P l. (7.4) 

Note that the covariant derivative of the field strength is equal to the ordinary derivative 
D p H p pa = d p H p pa . This is the consequence of the fact that the Christoffel symbols are 
infinitesimals of the second order and the terms TH are infinitesimals of the third order 
which should be neglect in our case. When H p pcT is constant one has D p H p pa = 0. 
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Therefore, the space-time equations of motion can be written in the form 

V = 0 , D tJ H%a = 0, (7.5) 

where for future benefits, following Ref. [23] > we introduced the tensors 

S'V = R p ^ - \R^ e Re P a - \(B P „,eB\v ~ B^B.%) , (7.6) 

and 

= s p wv ■ (7.7) 

Note that the coefficients in front of the squares of held strength differ from that in 
Ref. [23]. because of a different notation. In both articles they are adjusted in such a way 
that S pu = 0 is the space-time equation of motion. 

7.2 Geometry of the T-dual theory 

The background fields of the T-dual theory are 

*G pv = ( g~ 1 )^ , *B^(V) = —(g~ 1 hg~ 1 ) IJ ’ l '(V ), (7.8) 

where 

= [g~^y v . (7.9) 

In comparison to the original theory, the term h 2 of the metric tensor is missing and the 
background fields depend on V^ instead of x /i . 

The dual metric is constant and therefore the dual Christoffel symbol, dual Riemann 
and Ricci tensors are zero. But, the dual Kalb-Ramond held strength is constant infinites¬ 
imal of the hrst order *H^ up = —B pup . As we explained in the beginning of this section 
the T-dual helds do not satisfy the standard space-time equations of motion because the 
space is nongeometric and the background helds depend on the dual coordinate y. The 
T-dual space-time equations of motion are 

*R tJV = 0, *D^*H p pa = 0, (7.10) 

where again dual covariant derivative is equal to the ordinary derivative. It is interesting 
to note that although the initial theory is curved, the corresponding T-dual is hat. It seems 
that at least in the second order the T-duality acts as a parallelizable transformation. This 
assumption should be checked in the higher orders of approximation. 
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7.3 Relation with Ref. [ 23] 

Although, as we explained, we should not expect for our background to satisfy the pseu- 
doduality conditions of Ref. [23], we are going to discuss the relation with this article. Let 
us first note that /3 p functions, introduced in the generalized T-dualization procedure, 
originate from the fact that T-dual background fields do not depend on the coordinate y p 
but on its dual V p = So, in order to compare our relations with the conditions 

derived in the literature we will omit the term /3~QYf3+. Then, the T-dual metric tensor 
acquires the quadratic term and the Kalb-Ramond field is unchanged 

*G pu = {9~ l Y v + {h 2 Y v {V ), *B pv {V) = -(g^hg- 1 )^(V ). (7.11) 

Secondly, one can note that the pseudoduality relation in Ref. [23], which is the starting 
point in that paper corresponds to the relation (16.71) in this paper. Taking b plF = 0 the 
relation (16.71) reduces to 

d±y p = T {g T 3 h + 6 h 2 ) llv (x)d±x v = ±T±d±x u , (7.12) 

where T± is the notation from the article [23] where only the case T + = T_ was treated. 
Obviously, the T-dual coordinate transformation laws differ at least by the term 3 h. 

The Christoffel symbol and the Kalb-Ramond field strength for the background fields 
(17.111) are 

*Y v l f = --(BJ a h ap + B p a h w ), *H pup = -B pvp . (7.13) 

3 v * 

The Riemann tensor is 

*RP™ = --B n PB eva - -BY F B £ P a + -B n a F B £ P u , (7.14) 

P g 9 P £ 9 p£ y ' 

and the Ricci tensor equals 

*R pv = -B II£p B ep u - (7.15) 

3 

Note that the Christoffel symbols, Riemann and Ricci tensors are one third of the 
corresponding variables of the original theory. The same as in the original theory, the 
Christoffel symbols are infinitesimals of the second order and the covariant derivative of 
the field strength is equal to the ordinary derivative * D p *H ppa = d p *H ppa . Because the 
tensor is constant the right hand side is zero. 

The dual space-time equations of motion can be written as 

*S pu = 0, *D p *H/ a = 0, (7.16) 

where we define the dual tensors *S p apjl/ with an additional coefficient ^ in the last three 
terms in comparison to the tensor S p apv 

*S p apu = *R p apu - ^B pv e B £ p a - X -(B p£ B F av - B ap e B £ p v ), 
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(7.17) 




and as usual 


*S‘ tv = *S P ^ U . (7.18) 

The pseudoduality conditions of the Ref. [23], in our notation read as follows 

= ~ SP w = -D p H% a . (7.19) 

Note that because both equations are infinitesimal we can raise and lower indices with 
the constant part of the metric. Both pseudoduality conditions are fulfilled because all 
terms are separately equal to zero. The second relation is valid without derivatives as well 

11 pa — 11 pa' 

8 Conclusion 

In this paper, we presented the T-dualization procedure applicable to string backgrounds 
with nontrivial Ricci tensor and without isometries. The procedure is the generalization 
of the one given in paper for a weakly curved background. It was applied to a string 
moving in the weakly curved background of the second order, composed of a linearly 
coordinate dependent Kalb-Ramond field with an infinitesimal strength and a metric with 
an infinitesimal of the second order quadratic in coordinate term. 

The generalized Buscher procedure was not applicable to the second order weakly 
curved background, because the action does not possess a global symmetry. If there is no 
global symmetry, there is no corresponding gauge symmetry, which is the crucial ingredient 
of the T-dualization procedure. However, it is possible to construct an auxiliary action, 
which plays the role of the gauge fixed action. The auxiliary action is constructed from 
the initial action, substituting the derivatives of the coordinates by some auxiliary fields, 
and the background fields argument by a line integral of these auxiliary fields. This action 
reduces to the initial action and to the T-daul action on its equations of motion. So, there 
is a full analogy between the T-dualization procedures for backgrounds with and without 
a global symmetry. The only difference is in fact the interpretation of the auxiliary fields 
which are understood as the gauge fields in the case of a background with symmetry. 

The realization of the new generalized Buscher procedure is more complicated. The 
main problem is to solve the equations of motion, obtained varying the auxiliary action 
with respect to the auxiliary fields, in terms of the Lagrange multipliers. To solve them, one 
should iteratively calculate the argument of the background fields and the beta functions 
defined in Apps. [B]and[C] It turns out that the argument of the dual background fields 
has a more complicated form then in the weakly curved background of the first order. This 
argument represents the complicated structure of the dual geometry. In the first order 
the argument is given in terms of the dual coordinate y p and its double y p . In the second 
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order the argument is given in terms of the dual coordinate, its double and an additional 
form f f (^!J±[jd±y±l — y±ld±y±j^j, which can be interpreted as the left 

and the right ’’angular momentum”. 

Applying the T-dualization procedure to all the coordinates of the initial theory, the 
theory transforms to a T-dual theory. The initial background which is curved and geo¬ 
metric transforms to a non geometric curved background 

n+^(s) -»> *nf(y) = ^e^(v( y )), 

where 0^ is defined in (14.111) . Consequently the T-dual theory can not be directly com¬ 
pared with the standard theories, where the background fields depend on the ordinary 
coordinates. The T-dual Riemann tensor is zero, which means that T-dual background is 
flat. It would be interesting to check whether T-duality in the higher orders can make the 
target space parallelizable. Although the T-dual background is flat, certain adjustments 
can be made in order for our approximation to satisfy the relations analogue to the general 
relations of Ref. [[23]. 

Applying the procedure to all the dual coordinates, T-dual theory transforms to the 
initial theory. Comparing the solutions for the auxiliary fields we obtain the T-dual 
coordinate transformation laws, connecting initial and dual coordinates, which are inverse 
to each other. Using these laws one confirms that the equations of motion and the Bianchi 
identity of one theory transform to the Bianchi identity and the equations of motion of 
the other theory. Because these laws have obtained the second order correction, they will 
enable further investigation of the non-commutativity properties of the spaces connected 
by T-duality. Furthermore, the laws are the basis for a double formulation [24l i25l l26l 27] 
where T-duality is interpreted as an exchange of the initial and dual coordinates. 

So, we showed that the T-dualization of the theory with a non-trivial Ricci tensor and 
without global symmetry is possible, and that it does not break the standard features of 
T-duality. The non geometric structure of T-dual theory is much richer than in the cases 
previously analyzed and may be a subject of further investigations. 


A The expansion of the background fields 


All the expressions will be divided into its zeroth, first and second order values, for example 
Gfiu = GOfiu + Gifj, u + G2[_iw By 


GjlJ — Gq^ + Gi^, 

we mark the value up to the first order. The inverse of G^ v is given by 

(G~ 1 Y V = (G" 1 )^ - [(G- 1 )o(G 1 + G 2 - GfiGT^oGi)(G^o 


flU 


(A.l) 


(A.2) 
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Original background fields 

Bofn, — b^i /, II()±//.iy — bjuj i g^v. 


Gon V = g^, v , 


o 

II 

3. 

A1 j 11/ - h^l/, n^-l-^jy - hf^l/, 


G^iv — 3h^ u , 

B2fj,v = 0, II 2 ±/j,u = i — 

(A.3) 

Inverse of a metric ( G~ 1 y i> 



(G-'yy 

= (<r 1 r, 


(G-yy 

= 0, 


(G-yy 

= -2,{g- l h 2 g- l yr 

(A.4) 

Effective metric {Ge)^u = G IW - 4 (BG 1 B) flu 


{Geo)hv 

— g^u 4^^ — (gE)nv, 


{G El) f_iu 

= -4 (bh + hb ) M „, 


{Ge2)ixv 

= -tftv + I2(bh 2 b)^. 

(A.5) 


Effective metric inverse 

= (s^r, 

( G 'i 1 )r = 4 g^^h + hb^g^ 1 ^ =-2k(6» 0 %^ 1 +5e 1/?6I o)^, 
(G^ 1 )^ = — 9 , ^ 1 ( — + 126/i 2 6 — 16(6/i + hb)g~^(bh + hb^jg^ 1 

= ~K9E lh2 9E l T V + §K 2 (Poh 2 d Q y v + 4 (g^ 1 hg^ 1 hg^ 1 y u 
+ ^(eohg^hOo + dohg^hdo + g^ 1 h6 0 he 0 y u . 

Parameter of noncommutativity d lxv = —■|(G^ 1 i?G _1 ) Atl/ 

C = -Afe 1 <«r I r, 

= --(9E 1 ( ft + ibftb )9E 1 ) (tl ' = -~{9E 1 h9E l +K 2 0o^o)'“' ) 

Hi Hi 

ey = -mh 2 g- E l + gE l h 2 e 0 y v + 4 K 2 (0 o hd o he o r 

+4{0 (i hg E l hg E l +g^ 1 h9 0 hg^ 1 + g^hg^hQ Q y v . 

Theta function ©^ = -1{Ge 1 IL±G~ 1 )i u ' = 0 111 ' ^ ^(G^ 1 )^ 

eg = CtV) 1 *’ 

Hi 

r i 

©i± = -2 k[©o±/i0o±] , 

© 2 ± = ©o± [ ± 3 k/z 2 + 4K 2 /?0 o ±/rj ©o± 

L Jpcr 

= ±3«0^^0^ + 4A^. 


(A.8) 
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• The second order contribution d+y^ A 1 ^(V 0 {y))d-y u = —4/3 lp ,(Vb(2 /))©o-/3iI,(M 3 ( 2 /)) 

Af = = K 2 (©o±/»©o±/»eo±)^. (a.9) 

• Dual background fields composition f©^ 7 = 0^ — A±" 

f ©(;± = ©&, 
t©^ = ©^, 

f 0^ = 3K 2 [& 0± h[6 0 ±^g- 1 -g^))hQ 0± Y U . (A.10) 

• Dual background fields composition = n± MJ , + AlT H± au 


n 0 ±/^ 

= noi/ifc'; 



= n 1 i 


f n 2 ± Ml , 

T -^h^pQ 0 ^h au . 

(A.ll) 


The last two compositions are inverse to each other 

f lW0^ = (A.12) 

• Functions 0 F± 


= £(l + ^)F n± , 

n=o z 

(A.13) 

°©^ = ©0± + ^©l± + 2©2±, 

(A-14) 

3 

n± MI , = no±^i/ + -ni ±#tI/ + 2112 ^^. 

(A.15) 

Inverses of functions °0^ i7 and °n± /iz . 


(°n±^ + 2 K n o±w A^n o±(T ,) o 0^ = -Uy£, 


°n ±/ii/ (O0^ + A^) = ^- 

(A.16) 

In the first order one has 

Ott(1) Opv(l )vp 1 J)P 

li ± A ti/ '-'=f 2k 

(A.17) 

Difference 

~~ = 9^iv + 6 / 1 ^, 

(A.18) 

and its inverse 

(°n +(UI/ - = or 1 )^ - 6(/i 2 )^. 

(A.19) 
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B Beta function (3 


± 


Let us calculate the beta functions defined in (13.71) . for the action (13.11) . The variation of 
the action over the background fields argument is 


tvSaux = kJ d^[e^d f) B lw + ^8 p G^\d a V»dpV u 5VP. 


(B.l) 


Partially integrating, using the zeroth order equation of motion r] a ^d a d/ 3 V^ = 0 in a 
quadratic in B pup terms, we obtain 


S V S aux = -Kj#t[(ertd p B^ + ±Ti a %G^)v»dpV v 6vP 
+ \rf#d a d p G ltv V< i dpV v 8V' i 
Using the explicit value of the initial metric the second term can be rewritten as 


(B.2) 


l -r,^d a d p G pu V^d^5VP = \r,^d a G 2pp {V)d p V^VP = ^v aP d a (G 2lxp {V)d p V^8V^ 

(B.3) 

and therefore 

SvSaux = -nj d 2 i[(e ap d p B pu + ^d p G pv )v»dpV u 5v p a - ^G 2pp (V)d^5v p a ]. 

(B.4) 

So, the beta functions, defined by (13.71) . are 

/?“ = e^dpB^dpV" + \^(d p G pv {V)V^ - G 2vp (V))d p V v 
= ~{e^h pu {V) + toi af> h%,(vj)df ) V'', 

and in the light-cone coordinates they become 

Pp(Y) = \(f$ ± #) = U T h pv (y) - 3 h 2 pv {v))d^vr 


(B.5) 


(B.6) 


C Dual beta function */3 ±Ai 


In this section we will find the beta functions for the dual theory auxiliary action (15.11) 
"2 r 1 

K 


<7 

u aux — 


d 2 £ u + ^Q^iV(U))u- u + -(u+^d-z^ - u- p d+z 


(C.l) 


We define them as usual by 

„2 


5v*S aux = — / d 2 Zu +p djQ>3 / (V(U))u- u 5VP(U) = / d 2 t */3+^« +/i +*/r^u_ A 


(C.2) 
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Multiplying the equation (14.71) by defined by (|A.15D (the inverse of 

(1A. 171) 1. one obtains the auxiliary fields u± p in terms of the auxiliary fields v± 

= -2°n %(V{U))V^(U). 

Substituting these expressions to the first expression in (1 C.2 [) we obtain 
8 v*S aux = -2k 2 f d 2 ^d + V p F^ p (V(U))d.V u 6 V p (U), 
with the background field composition F pv , p defined by 


see 


( 


F pv . p = c> n t0_ o iu 


flU 


2K dp 


h + ^{kQ o- +g 1 ) h 


[IV 


(C.3) 

(C.4) 

(C.5) 


where the second expression is obtained using (1 A. 151) and (jA.101) . Partially integrating in 
(1C.41) we obtain 


Sv*Saux 


= K~ 


d 2 i { [vPd + F^ p (v)d_v' + d + vPd-F pu , p (v)v u ] 5v p (u ) 


+ 


V p F pV}P (V)d.V v 5v p + (U) + d+V p F^ p (V)V v Sv p _(U)}. 


(C.6) 


The term F pUtP (y)(v p ‘d + d-V u + d + d-V p, V u ^j5V p is absent, because, the antisymmetric 
in first two indices part of F pup gives zero, while its symmetric part is of the second 
order and therefore the whole expression vanishes on the zeroth order equation of motion 
d+d-V p = 0. 

Taking the variation of ( 14.71) . using ( 1A.14I) . one obtains 

6v±(U) = -K <> Q { l )tlu {V{U))5u ±v + 5vf{U), 


Q K 

5v±(JJ) = - Y d p Q^ ±U0±u 6V 0 p (U 0 ). 


(C.7) 

(C.8) 


Using (|A.8I) and (14.2p one observes that 

Svf(U) = -3 K® p ±d p h U(7 d±V a 5V p . (C.9) 

Let us calculate the contribution from 5v±'(U) terms. Because these terms are of the 
first order it is enough to use the first order value of F pVtf} , defined by (jC.SD . One obtains 

Sv*S aux = K 2 J d 2 i (y p F^ p {V)d.V v 5vl P {U) + d + V p F pu , p (V)V"5v*_ p (U)) 

4k 2 r 

= -—J d 2 td + v p d p (he 0 -h) liu (v)d-v u 5v p . 

Partially integrating we obtain 


(C.10) 


8 V *S a 


3 K~ 


d 2 z [(y»d + d p {he 0 -h) liV (v)d-V v 

+ d + v p d-d p (he 0 _h) p „(v)v")6v p 

+ V p d p {h® Q _h) pu {V)d.V u 5v p + + d + V p d p (h@ 0 -h) pu (V)V u 5v p _] ,(C.ll) 
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where we again used the zeroth order equation of motion d+d-V p = 0. Finally, substitut¬ 
ing (IC.7D and (1C.511 into (1C.61) . using (jC.lip . and noting that d±d p h pu = 0, the variation 
of the auxiliary action becomes 


Sv*S avx = K 2 j d 2 f { [ - ^-V^d + d p h 2 pv (V)d.V v - ■^-d + V»d-d p hl„(V)V'\5V P (U) 


- ±v p d p (h + h 2 ) p „(v)d-V"(-Ky&¥ pa (v)5u +a 

IK Z 

- ^d + v^d p (h + ^h\^v)v^(- K y@ { l )pa (v)Su. a }. (c.i2) 

The hrst two terms can be rewritten as 


V^d+dphlvd-V" + d+V*d-d p hl,V v = d + v p d-hl P + d.v p d + hl P 

= d.(d + V p hl p )+d + (d.V p hl p ). (C.13) 

Partially integrating, using (1C.71) . we obtain 

2 

s v *s aux = j d 2 i{5u. p °Q { l )pv {y){h-2,h 2 ) vp {y)d + v p 

+ Su+pOQ^Wi-h-Sh^pWd-Vp}. (C.14) 

Finally, recalling (IB.61) we obtain the dual beta functions 

*/3 ±p {V(U))= 2 <> ® { ^ pv {V(U))Pt{V(U)). (C.15) 
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